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Abstract— In this paper we study the performance of space-
time bit-interleaved coded modulation (ST-BICM) over block-
fading multi-input multi-output (MIMO) channels with iterative
receivers based on minimum mean square error (MMSE) detec-
tion. We show how full diversity can be achieved with a special
class of space-time precoders. Performance in terms of symbol
error rate (SER) and word error rate (WER), obtained via Monte
Carlo simulations, is shown.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) systems, obtained

by using multiple antennas both at the transmitter and the

receiver, have shown to provide high transmission rates over

fading channels [20] and help in increasing the diversity order

of signals over slow fading channels [7]. Achieving maximum

diversity in uncoded systems requires the use of space-time

codes together with maximum likelihood (ML) receivers [8].

Differently, in coded systems, a posteriori probability (APP)

detectors are required to recover maximum diversity at the

receiver end [9], [10]. In both cases, the complexity at the

detector increases exponentially with the number of transmit

antennas.

On the other hand, linear receivers for uncoded transmission

over multiple-antenna quasi-static fading channels have been

extensively studied [15], [18], [6], [11], [13]. The achieved

diversity orders are far from being optimal, even with space-

time precoders [14], [17].

In this work, we show that an iterative receiver can re-

cover maximum diversity with a soft-input soft-output (SISO)

linear detector [21] when coded modulation and space-time

precoding are concatenated at the transmitter. We then study

the outage probability [16] of such receivers that provide an

information theoretic lower bound on the performance and thus

give insight on the achievable diversity orders.

The paper is organized as follows: Section II gives the

system model and the notations used in the rest of the paper;

in Section III, we give the equations for the MMSE-based

detector. The analysis of the diversity order for MMSE-based

iterative receivers is provided in Section IV, and the design of

This work has been partially supported by the Research Council of Norway
(NFR) under the project WILATI+ within the NORDITE framework.

space-time precoders for such receivers is proposed in Section

V. In Section VI, symbol error rate (SER) and word error

rate (WER) performance, obtained via Monte Carlo simula-

tions, are shown. Finally, Section VII gives some concluding

remarks.

II. SYSTEM MODEL

We consider a system transmitting via a space-time bit-

interleaved coded modulation (ST-BICM) [4], [10] over a

narrowband block-fading MIMO channel with nt transmit

antennas and nr receive antennas. We assume that a code-

word undergoes one single temporal channel realization. The

discret-time model for the received signal is written as

y = HSz+w , (1)

where y ∈ C
snr and z ∈ Ω = (2m − PSK)snt are the vectors

of received and transmitted complex symbols, respectively,

m being the number of bits per Phase Shift Keying (PSK)

modulated symbol, and s being the time spreading of a space-

time precoding matrix S of dimensions snt×snt. The MIMO

channel matrix H with dimensions snr × snt is diagonal and

given by

H = Is ⊗H , (2)

where Is is the s × s identity matrix, and H has dimensions

nr × nt and has independent complex Gaussian entries hij

with zero mean and unit variance representing the channel gain

from the jth transmit to the ith receive antennas. The length-

snr vector of additive white Gaussian noise components w
is assumed to be circularly symmetric with zero mean and

variance N0. Digital transmission operates as shown in Fig. 1:

information bits are fed to an encoder of rate Rc ≤ 1. The

codeword c is first interleaved, fed to a 2m-PSK mapper, and

then space-time precoded. The space-time precoder combines

snt PSK symbols over the nt transmit antennas and over

s time periods. The resulting frame is sent over the fading

channel through the nt transmit antennas, and the total trans-

mission rate is: R = mntRc. The channel coefficients are

supposed to be perfectly known to the receiver, but not to the

transmitter. At the receiver, a SISO linear detector, making use
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Fig. 1. Block diagram of the transmitter.

Fig. 2. Block diagram of the receiver.

of parallel interference cancellation (PIC) and minimum mean

square error (MMSE) filtering, provides extrinsic probabilities

on modulated symbols based on the received symbols, the

channel matrix, and the a priori probabilities on coded bits

fed back from the SISO decoder, as shown in Fig. 2.

III. ITERATIVE MMSE-BASED DETECTOR

At the output of the channel, the vector y is fed to a linear

SISO detector [21], [19] that takes into account the a priori
information fed from the SISO channel decoder. In the sequel,

we denote

G = HS , (3)

the channel seen by the PSK symbols. Now let z̄j denote the

a priori-based mean of the complex transmitted symbol zj

(j = 1, · · · , snt) computed using the a priori probabilities

π(cb) on coded bits fed back from the SISO decoder as

z̄j =
∑
zj

zj

m.j+m−1∏
b=m.j

π(cb) , (4)

and define z̄j = z̄−z̄jej
snt

a vector containing the interference

experienced by the jth symbol from the snt−1 other symbols

in the space-time vector, where the vector ej
snt

of length snt

contains a value of 1 at position j and 0 elsewhere. The

unbiased estimation of zj is obtained (see [19]) via PIC

ỹj = y −Gz̄j , (5)

and then via MMSE filtering

z̃j = g†j
(
GΓjG† +N0Isnr

)−1
ỹj , (6)

where (·)† is the transpose conjugate operator, gj = Gej
snt

,

and Γj is a diagonal matrix whose nth entry is given by

Γjn =

{
1− |z̄n|2 n �= j

1 n = j
,

and is computed at each iteration from the a priori probabili-

ties fed from the SISO decoder.

IV. DIVERSITY OF MMSE-BASED RECEIVERS

A. Non-iterative receiver for uncoded systems.

For uncoded systems, the MMSE-based detector has exactly

the same expression as that of (6) without any prior knowledge

on the symbol estimates, i.e. z̄n = 0 ∀ n. The signal-to-

interference-plus-noise ratio (SINR) of the jth symbol is thus

computed as [15]:

γj = g†j
(
ĜjĜ

†
j + 2N0Isnr

)−1

gj , (7)

where Ĝj ∈ C
snr×(snt−1) is obtained by removing column

gj from G. The random variable in (7) has been shown

to follow a χ2 distribution with 2(nr − nt + 1) degrees of

freedom [18], [6], [11], [13]. Hence, the maximum diversity

order for uncoded systems with MMSE-based receivers over

block-fading channels is

du = lim
SINR→∞

− log(Pe)
log(SINR)

= nr − nt + 1 , (8)

where Pe is the error probability. Even with the use of a space-

time code, uncoded systems with MMSE-based receivers can-

not attain full diversity [14], [17]. Only for small transmission

rates, i.e. with R < nt log
(

nt

nt−1

)
, MMSE-based receivers

can recover maximum diversity dmax = ntnr.

B. Iterative receiver for coded systems.

With an iterative receiver, soft information is exchanged

between the detector and the channel decoder, and interference

between transmit antennas can be removed more efficiently.

First, let us consider the channel seen at the output of the

linear detector for every symbol, provided that the interference

is totally removed between symbols. We have that

z̃j = μjzj + wj , (9)

with the mean μj written as

μj = g†j
(
gjg

†
j + 2N0Isnr

)−1

gj (10)

= g†jΩ
−1
j gj . (11)

The matrix Ωj is an snr × snr Hermitian matrix. For nr > 1
the matrix is non-singular, due to N0 > 0, and thus invertible.

After eigenvalue decomposition, Ωj can be written as

Ωj = DjΛjD−1
j , (12)

where Dj is an snr × snr rotation matrix containing the

eigenvectors of Ωj , and the non-zero diagonal entries λi of

Λj are the corresponding eigenvalues. Then, the inverse of Ωj

may be written as

Ω−1
j = D−1

j Λ−1
j Dj = D†

jΛ
−1
j Dj . (13)

Now inserting (13) into (11), we obtain

μj = g†jD
†
jΛ
−1
j Djgj = f†jΛ

−1
j fj . (14)
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The distribution of gj being invariant after rotation, gj and fj
have the same distribution, and we thus obtain that

μj = f†jΛ
−1
j fj =

snr∑
i=1

|fi|2
λi

, (15)

and follows a χ2 distribution with 2snr degrees of freedom.

This means that, if the a priori information fed from the

channel decoder is perfectly reliable, maximum diversity ntnr

is attained when using a full-spreading space-time rotation,

i.e. assuming s = nt. In other words, without a space-time

rotation, the receiver sees nt interfering single-input multiple-

output fading subchannels carrying each a diversity order of

1 × nr. With a space-time precoder, the receiver sees snt

interfering single-input multiple-output fading subchannels

having each a diversity order of 1 × snr. Hence, all PSK

symbols can potentially achieve full diversity at a cost of a

stronger interference. For this reason, the choice of the space-

time rotation that allows for interference suppression is crucial.

V. DESIGN OF SPACE-TIME PRECODERS.

As explained in the previous section, each transmitted

symbol zj achieves full diversity when a full-spreading space-

time rotation is used, provided that the interference is totally

removed. For this reason, the critical part of the detector in

(6) is the interference cancellation operation, given by

ỹj = y −Gz̄j = G (z− z̄j) +w . (16)

In order to better analyze the equivalent channel matrix G, we

write the space-time rotation matrix as

S =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ1
1,1 θ1

1,2 · · · θ1
1,snt

...
...

. . .
...

θ1
nt,1 θ1

nt,2 · · · θ1
nt,snt

θ2
1,1 θ2

1,2 · · · θ2
1,snt

...
...

. . .
...

θ2
nt,1 θ2

nt,2 · · · θ2
nt,snt

...
...

. . .
...

θs
1,1 θs

1,2 · · · θs
1,snt

...
...

. . .
...

θs
nt,1 θs

nt,2 · · · θs
nt,snt

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (17)

where the entries θ�
u,v are complex numbers. We then have the

equation (18) at the top of the next page where each Φp is an

nt×snt matrix. Now let us compute the covariance matrix of

the equivalent channel matrix G as

C = E
[
GG†] = E

⎡
⎢⎣
Φ1Φ

†
1 · · · Φ1Φ†s

...
. . .

...

ΦsΦ
†
1 · · · ΦsΦ†s

⎤
⎥⎦ . (19)

In order for the interference encountered by the snt PSK

symbols to be independent, the covariance matrix C should

be a scaled identity matrix. First, by considering the block-

diagonal part of C, i.e. the entries at ΦpΦ†p, only diagonal

terms remain as channel coefficients are independent. Second,

for the off-block-diagonal entries of C to be null, i.e. for ΦpΦ†q
∀ p �= q, the s sub-parts of every column in S should be

orthogonal to each other, i.e.

< Θb
r,Θ

d
r >= 0 ∀ r, b �= d , (20)

with

Θb
r =

[
θb
1,r, · · · , θb

nt,r

]t
, (21)

where (·)t denotes the transpose operator. Finally, the space-

time precoder should ensure that the snt transmitted symbols

encounter the same residual interference-plus-noise variance.

The reason is that usually, in multi-user detection, PIC is most

efficient when all the users have equal power [22]. It is thus

necessary that the symbols at the output of the equivalent chan-

nel G have equal power so that, after PIC, they face residual

interference having the same variance. This property is ensured

if the s sub-parts of every column of the space-time rotation

S have equal norm, and we thus obtain that G (z− z̄j) ∼
N

(
0,

(
Θb

r

)†
Θb

rIsnt

)
∀ r, b. If this property is not ensured, a

situation similar to the near-far problem in multi-user detection

will occur, in which the dominance of certain sub-channels

over others leads to performance degradation [23]. Moreover,

the equal-norm property of the subparts of every column leads

to the fact that the eigenvalues of Ωj will be all equal and thus

the coding gain is enhanced, as shown with APP detectors

in [9]. The equal-norm and orthogonal sub-parts conditions,

called the “Genie conditions” in [3], are also necessary for

optimal iterative APP detection and decoding over MIMO

channels. They also correspond to the properties of Unitary

Trace-Orthogonal Space-Time Block Codes [14] that allow

for optimal uncoded performance of MMSE receivers. Finally,

it should be noted that, as detection complexity in (6) is

proportional to s, partial-spreading rotations (with s < nt)

can be used at the cost of lower diversity orders. Dispersive
Nucleo Algebraic (DNA) space-time precoders [9], that exist

for s ∈ [1, · · · , nt] and satisfy the “Genie conditions”, allow

to achieve a diversity order of snr over MIMO channels with

MMSE-based detectors as well.

VI. SIMULATION RESULTS

In this section, SER and WER performance in the uncoded

and coded cases, respectively, of ST-BICM with MMSE-based

receivers are shown. The space-time precoders are the full-rate

DNA precoders that satisfy the properties of Section V. We

consider Quadrature Phase Shift Keying (QPSK) modulation

with Gray mapping, thus the extrinsic probabilities at the

output of the detector are given by

ξ(c2n) = 2�(z̃n)− 1 , ξ(c2n+1) = 2	(z̃n)− 1 , (22)

with n = 0, · · · , N/2− 1, and where N is the number of bits

per codeword.

In Fig. 3, SER performance of the “Genie-aided” MMSE-

based detector for uncoded transmission is shown over the 4×1
narrowband block-fading channel, in which interference was

removed in the simulation, i.e. we set : z̄j = zj ∀j in (6). The

three curves represent transmissions without rotation (s = 1),
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G = HS =

⎡
⎢⎣
Φ1

...

Φs

⎤
⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑nt

a=1 h1,aθ1
a,1

∑nt

a=1 h1,aθ1
a,2 · · · ∑nt

a=1 h1,aθ1
a,snt

...
...

. . .
...∑nt

a=1 hnr,aθ1
a,1

∑nt

a=1 hnr,aθ1
a,2 · · · ∑nt

a=1 hnr,aθ1
a,snt∑nt

a=1 h1,aθ2
a,1

∑nt

a=1 h1,aθ2
a,2 · · · ∑nt

a=1 h1,aθ2
a,snt

...
...

. . .
...∑nt

a=1 hnr,aθ2
a,1

∑nt

a=1 hnr,aθ2
a,2 · · · ∑nt

a=1 hnr,aθ2
a,snt

...
...

. . .
...∑nt

a=1 h1,aθs
a,1

∑nt

a=1 h1,aθs
a,2 · · · ∑nt

a=1 h1,aθs
a,snt

...
...

. . .
...∑nt

a=1 hnr,aθs
a,1

∑nt

a=1 hnr,aθs
a,2 · · · ∑nt

a=1 hnr,aθs
a,snt

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (18)

partial-spreading DNA rotation (s = 2), and full-spreading

DNA rotation (s = 4). In each case, a diversity order of snr

is achieved, thus a full-spreading rotation is required to recover

maximum diversity.

WER performance of ST-BICM for a codeword length of

N = 1024 are shown for 2× 1 and 2× 2 narrowband block-

fading MIMO channels in Figs. 4 and 5, respectively. The

code used is the 16-state non-recursive non-systemmatic con-

volutional code with generator polynomials (23, 35)8, and the

interleavers are pseudo-randomly generated. The comparison

of MMSE-based receivers for different space-time precoders is

made with outage probability. In both Figs. 4 and 5, maximum

diversity dmax = snr is achieved with the DNA rotation given

by:

S =
1
2

⎡
⎢⎢⎣

1 ej2π/15 ej4π/15 ej6π/15

1 jej2π/15 −ej4π/15 −jej6π/15

ej6π/15 −ej8π/15 ej10π/15 −ej12π/15

−ej6π/15 jej8π/15 ej10π/15 −jej12π/15

⎤
⎥⎥⎦ ,

and performance less than 2 dB from outage probability is

achieved, while the receivers fail to remove the interference

with both a random rotation [12] and the Golden code rotation.

VII. CONCLUSIONS

We have proposed a communication system based on ST-

BICM capable to achieve maximum diversity over narrowband

block-fading MIMO channels with MMSE-based iterative

receivers. The diversity is collected at the linear detector,

and under specific properties of the space-time rotation, the

channel decoder is capable of removing the interference be-

tween the transmitted symbols. We have shown SER and WER

performances, obtained via Monte Carlo simulations, in the

cases of uncoded and coded transmissions, respectively.
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